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In a recent Letter [T. Dornheim et al., Phys. Rev. Lett. 117, 156403 (2016)], we presented the first
ab initio quantum Monte-Carlo (QMC) results of the warm dense electron gas in the thermodynamic
limit. However, a complete parametrization of the exchange-correlation free energy with respect to
density, temperature, and spin polarization remained out of reach due to the absence of (i) accurate
QMC results below θ = kBT/EF = 0.5 and (ii) of QMC results for spin polarizations different from
the paramagnetic case. Here we overcome both remaining limitations. By closing the gap to the
ground state and by performing extensive QMC simulations for different spin polarizations, we are
able to obtain the first complete ab initio exchange-correlation free energy functional; the accuracy
achieved is an unprecedented ∼ 0.3%. This also allows us to quantify the accuracy and systematic
errors of various previous approximate functionals.
The uniform electron gas (UEG), i.e., Coulomb interact-
ing electrons in a homogeneous positive background, is one
of the seminal model systems in physics [1]. Studies of the
UEG led to key insights such as Fermi liquid theory [2, 3],
the quasi-particle picture of collective excitations [4, 5],
and BCS theory of superconductivity [6]. Furthermore,
accurate parametrizations of its ground state properties
[7–12] based on ab initio quantum Monte-Carlo (QMC)
simulations [13–17] have sparked many applications [18–
20] and facilitated the success of density functional theory
(DFT) simulations of atoms, molecules, and real materials
[21–23].
However, over the last decade, there has emerged an
increasing interest in matter under extreme excitation or
compression, such as laser-excited solids [24] and inertial
confinement fusion targets [25–28]. Astrophysical exam-
ples such as white dwarf atmospheres and planet interiors
[29, 30] provide further motivation. This so-called warm
dense matter (WDM) regime [31] is characterized by val-
ues close to unity of the Wigner-Seitz radius (quantum
coupling parameter) rs = r/aB and degeneracy parame-
ter θ = kBT/EF = 2kBT/(6pi
2n↑)(2/3). Here EF denotes
the ξ-dependent Fermi energy, n↑ = N↑/Ω the particle
number per volume, r the mean interparticle distance,
and aB the Bohr radius. A third parameter is the degree
of spin polarization, ξ = (N↑ −N↓)/(N↑ + N↓), where
N↑ (N↓) is the number of spin-up (spin-down) electrons.
An accurate theoretical description of this exotic state
is most challenging since it must capture the nontrivial
interplay of coupling, excitation, and quantum degener-
acy effects. Naturally, an accurate parametrization of the
exchange-correlation (XC) free energy per electron, fxc,
of the UEG at WDM conditions is a fundamental step
towards this goal as it constitutes key input for, e.g., ther-
mal DFT [32–34], quantum hydrodynamics [35, 36], and
the construction of equations of state for astrophysical
objects [37–39].
The first parametrizations of fxc were constructed based
on uncontrolled approximations such as interpolations be-
tween known limits [40], semi-empirical quantum-classical
mappings [19, 41], and dielectric (linear response) meth-
ods [42–46]. Ab initio QMC simulations of the UEG
are severely limited by the fermion sign problem (FSP)
[47, 48], so the pioneering results of Brown et al. [49] were
based on the restricted path integral MC (RPIMC) ap-
proach, in which the nodal structure of the density matrix
is assumed. However, the accuracy of the RPIMC data
has recently been challenged, as they are afflicted with sys-
tematic errors exceeding 10% at rs = 1 [50]. Nevertheless,
these data were used as input for several parametriza-
tions of fxc [43, 51, 52], the most sophisticated being that
of Karasiev et al. (KSDT) [51]. Unsurprisingly, all the
aforementioned models substantially deviate from each
other (cf. Fig. 1) in the WDM regime [53].
This unsatisfactory situation has sparked remarkable
recent progress in the field of fermionic QMC simula-
tions [50, 54–62]. In particular, the combination of
three complementary QMC methods– configuration PIMC
(CPIMC) [50], permutation blocking PIMC (PB-PIMC)
[59, 60], and density matrix QMC (DM-QMC) [61, 62]–
allows one to avoid the FSP over a broad parameter range
without any nodal bias [63, 64]. In a recent Letter [58]
we presented an improved procedure to extrapolate the
QMC results to the thermodynamic limit and thereby
obtained ab initio data for the unpolarized UEG with an
unprecedented accuracy of the order of 0.1%. However,
two remaining problems prohibited the construction of a
complete parametrization of fxc with respect to rs, θ, and
ξ: (i) the absence of accurate QMC results for 0 < θ < 0.5,
due to the FSP, and (ii) the lack of QMC results for ξ > 0
and, thus, of an appropriate spin interpolation function
Φ(rs, θ, ξ). This is used, for example, in DFT calculations
in the local spin density approximation, which require the
evaluation of fxc at arbitrary values of ξ.
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Figure 1. Temperature dependence of the XC free energy and potential energy - The top row shows fxc (dashed lines) from this
work (red), KSDT (blue, [51]), IIT (black, [45, 46]), Tanaka (green, [44]), and PDW (yellow dashed line and triangles, [41]), as
well as the corresponding interaction energy v (solid lines) from this work, KSDT, and the RPIMC results by Brown et al. (blue
dots, [49]). The red rhombs correspond to ground state QMC results plus a temperature correction function ∆STLSθ , see Eq. (1).
The inset corresponds to a zoom into the grey box. The bottom row displays the relative deviations of the different models of
fxc with respect to our new parametrization.
In this Letter, both remaining problems are solved. In-
spired by Tanaka and Ichimaru [45, 46] and the previously
discovered [53] impressive accuracy of the Singwi-Tosi-
Land-Sjo¨lander (STLS) formalism [42, 43] (STLS), we
bridge the gap between θ = 0 and θ = 0.25 by adding the
(small) temperature dependence of STLS,
∆STLSθ (rs, θ, ξ) = v
STLS(rs, θ, ξ)− vSTLS(rs, 0, ξ), (1)
to the known exact ground-state QMC interaction energy
v0 [17]. Second, we carry out extensive QMC simulations
of the warm dense UEG for ξ = 1/3, 0.6, and 1 (179 data
points ranging from 0.1 ≤ rs ≤ 20 and 0.5 ≤ θ ≤ 8,
see Table 3 in the Supplemental Material [65]). In com-
bination with the results from Ref. [58] this allows us
to construct the first complete ab initio parametrization
of the XC free energy, fxc(rs, θ, ξ), and to attain an un-
precedented accuracy of ∼ 0.3%. The high quality of our
new results is verified by various cross-checks and com-
pared to the widely used parametrizations by Karasiev et
al. (KSDT [51]), Perrot and Dharma-wardana (PDW [41]),
Ichimaru, Iyetomi, and Tanaka (IIT [45, 46]), and the
recent improved dielectric approach by Tanaka [44].
Parametrization of fxc for ξ = 0 and ξ = 1. Fol-
lowing Refs. [45, 46] we obtain fxc from our ab initio
QMC data for the interaction energy vξ(rs, θ) via
fξxc(rs, θ) =
1
r2s
∫ rs
0
drs rsv
ξ(rs, θ) (2)
⇒ vξ(rs, θ) = 2fξxc(rs, θ) + rs
∂fξxc(rs, θ)
∂rs
∣∣∣∣
θ
. (3)
We employ Pade´ formulas for f1xc and f
0
xc [65],
fξxc(rs, θ) = −
1
rs
ωξa(θ) + b
ξ(θ)
√
rs + c
ξ(θ)rs
1 + dξ(θ)
√
rs + eξ(θ)rs
, (4)
where ω0 = 1, ω1 = 2
1/3, and the functions a-d are given
in the Supplemental Material [65]. We fit the RHS of
Eq. (3) to our combined data for v1,0. To ensure the
correct ground state limit, we use the relation [51]
lim
θ→0
fξxc(rs, θ) = e
ξ
xc(rs, 0) (5)
to fit the zero temperature limit of our Pade´ formula to the
recent QMC results by Spink et al. [17]. In addition, the
classical Debye-Hu¨ckel limit for large θ and the Hartree-
Fock limit fHFxc (rs, θ) = a(θ)/rs ≡ aHF(θ)/rs [66] for
rs → 0 are exactly incorporated.
The new ab initio results for fξxc(rs, θ) are depicted
in Fig. 1 (red dashed line) and compared to various ap-
proximations. While all curves exhibit a qualitatively
similar behavior with respect to temperature, there ap-
pear substantial deviations for intermediate θ between
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Figure 2. Cross-check of our parametrization (ξ = 1, rs = 1).
The XC energy per electron (red line), as calculated from
our Pade function for fxc (dashed line), is compared to new,
independent finite-size-corrected QMC data (red dots) [65].
While our functional has been constructed solely using the
interaction energy v, cf. Eq. (3), the KSDT curve [51] (solid
blue) was fitted to the BCDC data [49] for exc (blue circles).
5 . . . 12% (bottom row). We find that, for ξ = 0, the IIT
parametrization exhibits the smallest errors, whereas, for
ξ = 1, the PDW points are superior, although the IIT
curve is of a similar quality. The recent parametrization
by Tanaka (green) does not constitute an improvement
compared to IIT. Finally, the KSDT curves are relatively
accurate at low θ, but systematically deviate for θ & 0.5,
in particular towards higher density (rs . 4, [65]), with a
maximum deviation of ∆f/f ∼ 10%. This can be traced
to an inappropriate finite-size correction of the QMC data
by Brown et al. [49] (BCDC), see Ref. [58]. The devia-
tions are even more severe for ξ = 1, in agreement with
previous findings about the systematic bias in the RPIMC
input data [63, 64] and with recent investigations [44, 46]
of fxc itself. Also notice the pronounced bump of f
0
xc
occuring for large rs and low temperature (see inset in
the middle panel), which induces an unphysical negative
total entropy [67] in the KSDT fit.
Consider now the red rhombs and crosses in Fig. 1 that
show our new ab initio data for the interaction energy. We
observe a smooth connection between our QMC data for
θ ≥ 0.5 (crosses) and the temperature-corrected ground
state data v0+∆
STLS
θ [Eq. (1)] (rhombs) in all three parts
of the figure. This behavior is observed for all densities.
The solid red line depicts the fit to vξ, cf. Eq. (3). The
utilized Pade´ ansatz is an extraordinarily well suited fit
function as it reproduces the input data (vξ) for ξ = 0
(ξ = 1) with a mean and maximum deviation of 0.12%
and 0.68% (0.17% and 0.63%) [68].
To further illustrate the high quality of our XC func-
tional and to verify the applied temperature correction
(1) at low θ, we carried out extensive new QMC simu-
lations for the exchange-correlation energy per particle,
exc, for rs = 1 and ξ = 1, over the entire θ-range down
to θ = 0.0625 (see Ref. [65] for details). The finite-size-
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Figure 3. Dependence of the XC-free energy on spin polar-
ization at rs = 1. The ab initio functional of this work (red)
is compared to the parametrizations by Karasiev et al. [51]
(KSDT, blue), Ichimaru et al. [45, 46] (IIT, black), and Tanaka
(green) [44].
corrected data are compared to exc reconstructed from
our parametrization of fξxc(rs, θ) via [51]
eξxc(rs, θ) = f
ξ
xc(rs, θ)− θ
∂fξxc(rs, θ)
∂θ
∣∣∣∣
rs
. (6)
This allows us not only to gauge the accuracy of fxc it-
self but also its temperature derivative, which is directly
linked to the XC-entropy. The results are presented in
Fig. 2 and demonstrate excellent agreement between our
parametrization (red solid line) and the independent new
QMC data (red dots) over the entire range of θ. Since the
new data for exc were not used for our fit this constitutes
a further impressive confirmation of Eq. (1) and demon-
strates the consistency of our parametrization. This is in
stark contrast to previous works (see blue symbols and
line) [68, 69].
Spin interpolation. To obtain an accurate
parametrization of fxc at arbitrary spin polarization
0 ≤ ξ ≤ 1, we employ the ansatz [41]
fxc(rs, θ, ξ) = f
0
xc(rs, θ
0) +
[
f1xc(rs, θ
0 · 2−2/3)
−f0xc(rs, θ0)
]
Φ(rs, θ
0, ξ) , (7)
with θ0 = θ(1 + ξ)2/3 and the interpolation function
Φ(rs, θ, ξ) =
(1 + ξ)α(rs,θ) + (1− ξ)α(rs,θ) − 2
2α(rs,θ) − 2 , (8)
α(rs, θ) = 2− h(rs)e−θλ(rs,θ),
h(rs) =
2/3 + h1rs
1 + h2rs
, λ(rs, θ) = λ1 + λ2θr
1/2
s .
First, h1 and h2 are obtained by fitting fxc(rs, 0, ξ) to the
ground state data of Ref. [17] for ξ = 0.34 and ξ = 0.66.
4Subsequently, we use our extensive new QMC data set
for vξ(rs, θ) [107 data points for ξ = 1/3 and ξ = 0.6]
to determine λ1 and λ2. Interestingly, we find that the
spin interpolation depends only very weakly on θ, i.e.,
λ2 vanishes within the accuracy of the fit and, thus, we
set λ2 = 0. Remarkably, a single fit parameter (λ1)
is sufficient to capture the entire θ−dependence of the
spin interpolation function with a mean and maximum
deviation from the QMC data at intermediate ξ of 0.15%
and 0.8%.
Note that this is the first time that Φ(rs, θ, ξ) is ob-
tained accurately from ab initio data. Previous spin
interpolations were based on uncontrolled approximations
[41, 51, 70]. A comparison of the ξ-dependence of fxc with
various earlier parametrizations is depicted in Fig. 3. The
IIT and Tanaka curves utilize a different spin interpolation
[70] that is nonlinear in f0xc and f
1
xc. These differences
are most pronounced at intermediate temperature. The
KSDT parametrization utilizes the functional form of Φ
from Eq. (8). However, due to the absence of RPIMC
data for intermediate ξ they used the classical mapping
data of Ref. [41] to determine the coefficients of Φ. Over-
all, the KSDT fit is closest to our new parametrization
at low θ, while for θ > 1 the IIT curve is more accurate.
Nevertheless, we conclude that no previous model satis-
factorily captures the correct ξ-dependence uncovered by
our new ab initio data.
Summary and discussion. In summary, we have
presented the first ab initio XC free energy functional
of the UEG at WDM conditions, achieving an unprece-
dented accuracy of ∆fxc/fxc ∼ 0.3%. To cover the entire
relevant parameter range, we carried out extensive ab
initio QMC simulations for multiple spin polarizations
at 0.1 ≤ rs ≤ 20 and 0.5 ≤ θ ≤ 8. In addition, we ob-
tained accurate data for 0.0625 ≤ θ ≤ 0.25 by combining
ground state QMC results with a small STLS tempera-
ture correction. All of our results are tabulated in the
Supplemental Material [65] and provide benchmarks for
the development of new theories and simulation schemes
as well as for the improvement of existing models.
The first step in our construction of the complete XC
functional, fxc(rs, θ, ξ), was to obtain parametrizations
for the completely polarized and unpolarized cases. This
was achieved by fitting the RHS of Eq. (3) to our new
data for the interaction energy vξ, for ξ = 0 and ξ = 1.
The resulting parametrization reproduces the input data
with a mean deviation of 0.17% which is better by at least
an order of magnitude compared to the KSDT fit. As
an additional test of our parametrization, we performed
independent QMC calculations of exc (the XC energy
per electron), for a wide range of values of θ down to
θ = 0.0625, and compared them to exc-values calculated
from our XC functional (fxc). The striking agreement
obtained constitutes strong evidence for the validity of
Eq. (1) and consistency of our work.
Equipped with our new ab initio XC-functional, we
have also investigated the systematic errors of previous
parametrizations. Overall, the functional by Ichimaru et
al. [45, 46] deviates the least from our results, although
at ξ = 1 the classical mapping results by Perrot and
Dharma-wardana [41] are similarly accurate. The KSDT
parametrization exhibits large deviations exceeding 10%
for high temperature and density. At low temperatures,
however, it performs surprisingly well, in part because it
does not reproduce the systematic biases in the RPIMC
data on which it was based.
The construction of the first ab initio spin interpola-
tion function Φ(rs, θ, ξ) at WDM conditions constitutes
the capstone of this work. Surprisingly, we find that a
one-parameter fit is sufficient to capture the whole tem-
perature dependence of the spin interpolation function.
Further, we show that no previously suggested spin inter-
polation gives the correct ξ dependence throughout the
WDM regime.
We are confident that our extensive QMC data set
and accurate parametrization of the thermodynamic func-
tions of the warm dense electron gas will be useful in
many applications. Given recent developments in thermal
Kohn-Sham DFT [71, 72], time-dependent Kohn-Sham
DFT [73], and orbital free DFT [74, 75], our parametriza-
tion of fxc is directly applicable for calculations in the local
spin-density approximation. Furthermore, our functional
can be used as a basis for gradient expansions [76, 77],
or as a benchmark for nonlocal functionals based on the
fluctuation-dissipation theorem [78]. In addition, it can
be straightforwardly incorporated into widely used ap-
proximations in quantum hydrodynamics [35, 36] or for
the equations of state of astrophysical objects [37–39].
Finally, our XC functional should help resolve several
exciting and controversial issues in warm dense matter
physics, such as the existence and locations of the phase
transitions in warm dense hydrogen [79–81] or details of
hydrogen-helium demixing [82].
Computational implementations of our XC functional
(in FORTRAN, C++, and Python) are available on-
line [83].
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